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ABSTRACT. Let G be a connected semisimple Lie group with finite center
and let K be a maximal compact subgroup. Let # be a not necessarily
unitary principal series representation of G on the Hilbert space H”. If X*
denotes the space of K-finite vectors of H”, 7 induces a representation 7, of
U(g), the enveloping algebra of the Lie algebra of G, on X*.

In this paper, we determine when m, is irreducible, and if my is not
irreducible we determine the composition series of X* and the structure of
the induced representations on the subquotients. Explicit computation of the
intertwining operators for the different principal series representations are
obtained and their relationship to polynomials defined by B. Kostant are
obtained.

1. Introduction. Let G be a connected semisimple Lie group with finite
center. Let G = KAN be an Iwasawa decomposition of G. That is, K is a
maximal compact subgroup of G, AN is a solvable subgroup of G with 4 a
vector group normalizing N, a simply connected nilpotent subgroup of G.
Furthermore, the map of K X A X N to G given by (k, a, n) - kan is an
analytic diffeomorphism. Let M be the centralizer of 4 in K. Let g, t, m, q,
and n denote the Lie algebras of G, K, M, 4, and N respectively. exp is a Lie
isomorphism from a to 4. We denote its inverse by log. Finally, if g € G,

g = k(g)expH (g)n(g)
where k(g) € K, H(g) €Ea and n(g) € N and k(g), H(g) and n(g) are
unique. We will use this notation throughout this paper.

If & M — C(H, H) is an irreducible unitary representation of M and if

v € ak we define H%” to be the space of all measurable functions f: G —» H
so that:

o f(gman) = §(m)™'e™"0%9f(g) for gin G, min M,

ain A4, nin N;
and
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@ JI P die =) 1< eo.

Then H*" is a Hilbert space relative to || || and left translation by elements
of G induces a continuous representation ., of G on H & That is, if
f € H¥ and g € G, (m,,(8)N(x) = f(g™'x). The elements (m,,, H*") are
called the principal series of G. If X¢” denotes the K-finite elements of H*”
then the elements of X’ are in fact analytic functions on G. m,, thus induces
a representation of the universal enveloping algebra of g on X*”. If £ = 1 is
the trivial representation of M (this gives the so-called spherical principal
series of G) we shall denote 7, ,, H'” and X' by =,, H” and X” respectively.
Of special interest to us will be the function 1, € X” which is 1 on K.

A natural question one may ask concerning these representations is what is
the Jordan-Holder series of H*” under the action of =,,. A partial answer to
this question was provided by Kostant [10] who determined which spherical
principal series representations are irreducible.

This paper is the first of two papers dealing with the study of the
composition series of the principal series of G. In this paper, we give complete
descriptions of the composition series in the case that G is a classical split
rank 1 group and £ is the trivial representation of M. In the second paper [7],
the problem is solved for the split rank 1 group of real type F,. The two cases
are separated since the classical groups may be dealt with in an almost
uniform manner, whereas the study of F, involves an examination of the
exceptional simple Jordan algebra and thus merits its own exposition.

In the course of our analysis, we give explicit formulas for the intertwining
operators from X” to X* which we show for a general G (not necessarily of
split rank 1) may be expressed in terms of quotients of the “PY”-matrices
defined by Kostant [10]. We also compute the “partial intertwining opera-
tors” from X” to X”, and this enables us to determine which subquotients of
the composition series of X” are unitarizable. In particular, we obtain
Kostant’s results [10] on the existence of a complementary series.

We also show how to use our results to compute Kostant’s PY-matrices in
the case when G is of split rank 1.

In addition to the results on the complementary series our results overlap
with Kostant [10] on the irreducibility of the H” and with Knapp-Stein [9],
Schiffmann [15] and Helgason [6] on intertwining operators. Our results on
SO (n, 1) can be found in Takahashi [17] and Vilenkin [18]. The results in the
case G = SU(2, 1) have been announced by Stern [16]. In the case G =
SL(2, R) (SU(1, 1)) our results can be found in Gelfand, Graev, Vilenkin [1]
and Sally [14]. In the case G = SL(2, C) (SO (3, 1)) the results can be found
in Gelfand, et al. [1].

We now give a summary of the results in this paper. After a few brief
remarks on the classical rank 1 groups we explicitly compute the M fixed
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vectors of X” which we shall describe both as polynomials and as hypergeo-
metric functions. We then explicitly compute the action of «,(H) (where
RH = qa) on the M-fixed vectors. This allows us to compute the composition
series and all the partial intertwining operators. We then show how to use our
results to compute Kostant’s PY-matrices in the case when G is split rank 1.
Finally, we obtain some results on the non-square-integrability of most of the
representations but not all which occur as subquotients.

2. The classical rank one symmetric spaces. Let F be one of the classical
fields (that is F is either the reals, R, the complexes, C, or the quaternions, H).
Let x — X be the standard involution on F, and for x in F set |x|* = xx.

Consider F"*! as a right vector space over F, and on F**! define the
quadratic form Q (xy, ..., X,41) = X2 + -+ + |x,)* = |x,41> We define
G to be the group of all F-linear transformations of F"*! preserving Q with
the additional property that, if F =R or C and g € G, det g = 1. Then if
F = R, C or H respectively G = SO(n, 1), SU(n, 1) or Sp(n, 1) respectively
(these are the classical split rank 1 groups).

Lete,, ..., e,, be the standard basis of F**! and let K be the group of all
elements k in G so that k(e,, ) € e, ,F. Let D" be the unit ball in F”, that is
D" = {(xy ... x) [P+ + g2 < 1).

We now define an action of G on D" as follows: If z = z,e; + -+ - + z,¢,
andg € Gtheng(z+ e, )=y, + - +y,6, + V116041 Set

g 2=y et ¥ Yl
Since
2 2 2 2
S i A e I R IR

this implies that g- z is in D", Thus gD" C D" and in fact the action of g is
actually C*® in a neighborhood of D".

We now show that G acts transitively on D". If u € F" let u*(w) = (u, w)
=uw +---+uw,forwin F" If 4 is an F-linear transformation of F”
and u,v € F" and w € F define

(o= 1) (e )

forz € F" and z,,, € F. Then g defines an F-linear transformation of F**!,

If z& D" set ||z|P=|z>+ -+ + |z, and let A[z] be the positive
definite square root of I+ (z® z*)/(1 — ||z||>) where (z ® z*)(w) =
z(z*(w)). A[z] is clearly well defined. Now set
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Al z -z
1/2
(=121
T[z] = ,* 1

1/2 1/2
| (=) (=)

Here we use the natural identification that if ¥ € F” so is u*.

A simple check shows that T'[z] is in G and that T[z] - 0 = z. Thus we see
that G acts transitively on D".

A simple examination of G shows that if g € G, g is of the form g = (4. ¥
where A4 is an n X n matrix, u,0 € F"and w € F, and g~ = (4", 5°) where
A* is the conjugate transpose of A. Thus, we see that g consists of all matrices
of the form

X = ("i “) where (A* “)+( A —_u) =0,
ut w ut w -u* w
and if F = C we have the additional property that tr X = 0.

Ifweset H=¢,®¢},, + e,,, ® ef we may then take a = RH. With a
and hence 4 determined, we now have that M is the group of all matrices in
G of the form

b 0 0
0 B O
0 0 b

where B is an (n — 1) X (n — 1) matrix and |b]* = 1. For n we make the
choice that n is spanned by all matrices of the form

0 z 0
-— Z* 0 Z*
0 z 0

with z € F*~! and of the form

w 0 —-w
0 0 O
w 0 —-w

with w € F and w + w = 0. Now this choice of n thus determines N.

Under the identification of G/K with D" we see that G/MAN = K/M
may be identified with S%~, the unit sphere in F* where d = dimgF. Note
that MAN = { g € G|g- e, = e, where G is considered as acting on D"}.

As G acts on K/ M via left translation, g € G induces a linear map on the
exterior forms of K/ M and we denote this map by g*.

If w is a K-invariant volume element on K/ M, the Poisson kernel is the
function P: G/K X K/M — R defined by
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((87")*w),= P(gK,b)w, for g€ G and b€ K/M.
From Harish-Chandra [21] we have that
P(gK, kM) = exp(—2pH (g~ 'k))
where for H € a, 2p(H) = trad H|,.

On F**! X F**! let B be the F-valued bilinear form such that B(x,y) =
X+ + XY, = X,41Vns1- Suppose that g = ka,n where a, = exp tH
and H=¢, ®e¢',, +¢,,, @ef. Then 2p(H)=d(n+ 1) -2 and
P(gK, 1M) = e~ @@+D=Dt_ A simple calculation shows that

- 2 _ 2
|B(8 l(en-!—l)’ e+ e, )l =|B(a, l(en-n)’ e+ en-H)I =¥
Thus we see that P(gK, kM) = |B(ge,,, k(e; + €,,))*~¢®*D. Now using
the fact that g is of the form
A . 2 2_
g= (v* :) with |w|*=||u|’=1

and that g+ 0 = uw ™! we obtain by a simple calculation that
I1-<g-0,b)

1-|g-Off
where kM = b (that is, k(e, + e,,,) = b’ + ae,,, and b = b’'a™"). Thus we
obtain the following:

1B(g(ens1)s k(ey + e,0))[ =

LEmMMA 2.1,
d(n+1)/2-1
1=z
|1 =<z, by}

3. Spherical harmonics. Since our work in this paper will be infinitesimal we
will actually be studying the representations (7,, X”) of the enveloping
algebra of g. We will therefore want an explicit description of the elements of
X,

Since, as a K-representation, X” may be identified with the K-finite
elements of LXK/ M) = L}(S“~!), we see that determining the members of
X7 is the same as the determination of Peter-Weyl decomposition of
LZ( Sdn- l).

Let K denote the set of equivalence classes of irreducible finite dimensional
representations of K, and if (7, V,) € y € K set VY ={v€EV]|n(mo =0
for all m in M}. Frobenius reciprocity combined with the Peter-Weyl theo-
rem imply that the space of K-finite elements of L*(S%~!) decomposes into
2, einV, where n, =dim VM. In the future we shall express this as
L;(S“"") ~Z,einV,

P(z,b) = [
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Since K in its action on S% ! is contained in the orthogonal group O (dn),
we have that I, the spherical harmonics of degree k, is invariant under the
action of K. Since LS~ ')~ 3¢ oI the problem of decomposing
L*(S%~1) according to the action of K reduces to the problem of decompos-
ing each 9(* according to the action of K.

In this section we will decompose J(* under the action of K in two ways.
We shall express the members of J(* as polynomials and as solutions to
certain “hypergeometric type” differential equations.

Observe that the action of K extends differentiably to all of F”. Let DX (F")
denote the ring of differential operators on F* which commute with the left
action of K. Since our decomposition of L%(K/M) will depend on obtaining
“enough” differential operators which commute with the left action of K, an
explicit description of some of the members of D¥(F”) is important.

If F=Rletx,...,x, be the standard coordinates on R".

If F=Cletz,...,z, be the standard coordinates on C".

If F=Hletw,...,w, be the standard coordinates on H" where w, = z,
+ jz,44 With z,, z, ., € C. (We will have occasion to use these coordinates in
§6.)

Now F* = R* as vector spaces over R and K is contained in SO (dn). We
thus have that E = 3% x,0/3x, and A = £92,92/3x? are in D*(F") where
E is the Euler operator and A is the Laplace operator. We now have:

LemMa 3.1. (1) If F = R, E and A are in DX(R").

(2 IfF = C,E, A, 37,20/9z and 2]_,2;9 / 8z are in DX (C").

(3)IfF=H, E,Aand T = (D — D)* — 2D,D, — 2D,D, are in DXH")
where

2n _ 2n
p=S:22, p=5Sz2,
a=1 azﬂ a=1 ) a
&~ [- 3 3 ]
D, = - = [
! agl [Za az—n+a Fnta aZa

(_md

= “ ] ]
Dl= 2 [za oz _zn+a_a_:-]‘
a=1 Zn+a Za

PrOOF. (1) and (2) are well known. To prove (3) we set

ilo| o Jjlo] o klo| o
I=|olol of, J=|olo] 0|, andK=|{0]0]| O
olol —i olo| —j ofol -k

If x € tand f: K — C set
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(e)N) = L 1(» exp 0)],cg

Since /2 + J? + K?is ad M-invariant it is clear that p(/)? + p(J)? + p(K)? is
in DX(H") and a simple calculation shows that
a2 a2 a2 —_— 2 -_— —
=)(e(f Y + o/ ' + o(K)’) = (D -D) - 2D,D, - 2D,D, =T.

Thus the lemma is proved.

REMARK. Observe that AE = EA + 2A. We thus have that, although E and
A do not commute, E: 3 — IC where I = Z¢_,H*.

The following lemma of Vilenkin [18, pp. 499-501], will be one of our most

important tools in determining the decomposition of 3(* under the action of
K.

LEMMA 3.2 (VILENKIN). Consider the following differential equation on
[0, '”/ 2],

— 1 s sinig 2
a cos’p sin‘yp dp cos’p SI'e do
rr+p-1
- (—172——)-1(1+p+q)u=0.
cosp

@) Ifp = 0, g # 0 and u is a continuous solution to (1) then l is a nonnegative

integer and u is a scalar multiple of
ef_1 1-1_ g¢+1
(cos @) F( 20 3 T tanzq)).

(ii) If p # 0, ¢ # 0 and u is a continuous solution to (1) then | — v must be a

nonnegative even integer and u is a scalar multiple of
i r—1 l—p—I—-r' qg+1 . a2
(cosq>)F( 7 3 R tan<p).

Here F(a, B; v; z) denotes the standard hypergeometric function of type
(2,1) (see [19)).

We review some facts concerning spherical harmonics. Let x,, ..., x, be
the standard coordinates for R". Let r> = 3"_,x2 and A, be the standard
Laplacian. Let 9% be the space of all homogeneous polynomials of degree k
in the variables x,, . . ., x, and set 3C* = Ker A, |g. Clearly, I(* is invariant
under the action of O (n). Moreover, if ¢ € 3,

A(@r¥) = 2t(2k + m + 2t — 2)pr¥ 2,
Thus we obtain easily that %~ @ 3(* = P*.

Thus we obtain the result that L*(S"~!) ~ =%_,I* where we are identify-
ing elements of JC* and their restrictions to the unit sphere in R™ Set
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H =32 0X" and @ =3¢ . Then @ = I ® Pr2 Let P: P - K be
a projection on JC with kernel P2,
We can now state our main result of this section.

THEOREM 3.1. (1) (Kostant [10]). As a representation of K,
L2(Sdn—l)= 2 VY
7‘5120
where Ky = {y € K|V # (0)}. That is if (,, V,) € v € Ko, n, = dim V¥
=1
() If F = R, 3C* is irreducible under the action of K for n > 3. Moreover,
kM= = k k l—k.n"'l._ 2)
(3" = CP(xf) = Cr* cosﬁF( I T tan%
where x, = r cos §, and x; = r sin {w; (i > 2) with £} w} =1and 0< § <
7.
Q) IfF=C let 71 ={f € P*|f(azy,...,az) = afa¥f(z,...,2,)
for all a € C}. Let 3?9 = 3(P*9 0 $P4. Then LA(S* ")~ 3, 50}P? and
each (P14 is irreducible under the action of K. Furthermore,

(JP9)M = CP(2§27) = CrP+%'®=P%cosP*9¢F (~p, —gq; n — 1; —tan’)

where z, = r cos £*® and z; = r sin §w, for i > 2 with Z]_Jw* =1,0< ¢ <
2rand 0 < § < w/2.
(4) If F = H we use the coordinates for H" which we have already considered.

Setr, =z, + Z,and r2 = |z)]> + |z,,,,|* and let

[k/2]
Ve k- 2,’P[2( 1)( )kz'gt]

jmj
(Note that Ay, (S/3(—=1Y(*7)rk~2rd) = 0.) Let VP9 be the K-cyclic space
for y, , forp > q andp — q even. Then LYS*"~ Y)Y~ {SVP|p > qandp — q
is even}. Furthermore,
(VPM = Cy,,

sin(q + 1)t
sC[rP _(q___)_
sin ¢

cos’¢

F(ZP=9 ZrT972 1y —tan?
A5 25200 1y tani)]
where r? = 3"_\|w,%, |w,| = r cos £ and Re w, = r cos § cos t with 0 < § <
7/2and 0 < t < .

PROOF. Observe that (2), (3) and (4) combined imply (1). We will therefore
prove (2), (3) and (4).



COMPOSITION SERIES AND INTERTWINING OPERATORS 145

Proof of (2). Let V2 = x3 + - - - + x2 If f € 3(* and f is invariant under
the action of M = SO(n — 1), f = =, 3,2,82,x] V?. Since Af = 0 we have
that

0=Af= 3 Jj(j— Daux{"2V% + 2121 + n — 3)ax{ V¥2
Jj+2U=k

Thus we have the recursion formula
G+ + g+ (21 +2)21+n—1)a,5,,=0

where j + 2 + 2/ = k. Thus knowing g, , we can determine all g;,, uniquely.
Therefore, (3C*) = CP(x}).

We now use the angular coordinates of (2) and suppose that f is M-in-
variant. Then f is a function of only r and §.

Since dx? + -+ - + dx? = dr* + r’d¢* + rsin’(de? + - - - + dw?d), it
follows from Helgason [5, p. 387] that

Af = L 8, p1 0,y 1 1 —g—sin"'zi—a-f.

Pl or or r? sin""% 09§ 0¢

Suppose f € IC*. Then f(r, §) = r*n(¢). Since
1 9 n—lif=k(k+n_2)

r® -1 -6-; or r2
we have that

L_ 4 2L hy k(k+n—2h=0.

sin"~%¢ d§ d§

(2) now follows from Lemma 3.2(i).
Proof of (3). The fact that 3(» is invariant under the action of K is well

known.

If f is an M-invariant polynomial, it is a polynomial in the variables z,, z,
and V2 = |z, + - - - + |,[2 Soif f € HP9, f = Za;; 52{zf V¥ wherej + k
+2l=p+gqgandj— k=p— q. Now

0=Af= 24jkq,m,z{"z'{‘" v
+ 221 2l +2n- 4)aj,,‘,2,z{z'," V-2,
Thus we have the recursion formula

Thus if we know g, ,, we can determine all g;, ,, uniquely. Thus we have
(3P = CP(282]).

Using the angular coordinates of (3) we have that if f is M-invariant, fis a
function of only , { and ¢. Again using Helgason [5, p. 387], we have
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= 1 i 2n—1 __a__
Af an—l arr or f

__1_.__ 0 2n-3
rcos £sin®" =% 0 cos £ sin™ "% 3% 35 f
L8
rcos’%¥ 0¢?
If f € 3P4, f(r, § @) = rP*%'®~P(¢) and thus (3%/3¢?) = —(p — ¢)f
and

1 a
a o g [ (P )P+ g+ 2m-2)f.

r

Since Af = 0,

1 a 2n-3
cos £ sin" 3 0 cos §sin™ L 5%

35

—(n— 2
+(—(épo—sz—£i)—+(p+q)(p+q+2n—2))h=

(3) now follows from Lemma 3.2.
Proof of (4). Recall that @ = 3C @ r*® and note that (P =

2p+2q+2l-kcrfr§qr2’
Since T is in the enveloping algebra of f, I' and A commute. A simple

calculation shows that

Trfry = p(p + 2)rfr® — 4p(p — Nrf~H37*2
Thus if Za ;i % =f, Tf=M, a,=0 for i<s, and g, ,#0, A=
(k = 2s)(k — 25 + 2),
G=9)k=-(s+))+ l)ak,j =—(k=2/+2)(k -2+ l)a ;.

So Uivs = ( l)i(k 2= ')ak,s
We have thus shown that the only eigenvalues of I' in (P W mod (PX)M N
(r*P)M are (k — 2s)(k — 2s + 2) and each appears with multiplicity one.
Thls clearly proves that (V?9)M = Cy, .- We now consider the coordinates
=3"_Iwl% |w|=rcos§ where 0< £ < /2, w,=rsinég for i >2

thh Solg)? =1and

w, = r cos £(cos ¢ + (sin £) y)

where 0 < t < 7andy € F,Rey =0and |y’ = 1.
If f is M-invariant f depends only on r, £ and ¢ and
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1 i r4n—l _ai
r4” -1 9r or
1 1
+ —
r* (cos &)*(sin §)*"~°

1 _1 [ 1 8.239
r* (cosg)® | sin’r ¥ St g |f

Noting that —TI'f = (1/sin%)(d sin%/0£)(3f/dt) we have that if f € V74,
—If = — q(q + 2)f. Thus we see that f(r, £, 1) = r?((sin(g + 1)¢)/sin £)h(£)
and h(§) satisfies the differential equation

Af =

d
a—gf

‘ oo Bcein -5 4.
(cos £)’(sin &)*" =3 dé (cos &) (sin )™ — £
- 2
+ "'q(—q:—)+p(p+4n_2)h=0.
cos’$

(4) now follows from Lemma 3.2.

This completes the proof of Theorem 3.1.

ReMARks. If F=R set e, = cos™tF(—-m/2, (1-m)/2; (n—1)/2;
—tan%). If F = C set

igp—q = €' P D% UF (—p, — g; n — 1; — tant).
This of course provides another parametrization for the K-irreducible spaces
of harmonics when F = C. If F = H set
sin(! + 1)¢
m! = " sint

cos’”gF( —mz— ! , _21— 2 ;2(n - 1); -—tan’ﬁ).

In §8, we will compute characters and we will use the classification of the
spaces V79 given in Theorem 3.1(4) in terms of highest weights on Sp(n) X
Sp(1).

The Dynkin diagram for Sp(n) X Sp(1) is

] (] oo o o o
@ ] X1 Oy %41

where the a;’s are the simple roots. Let A, be the basic weight such that

LEMMA 3.3. Suppose that relative to a choice of Weyl chamber in Sp(n) X
Sp(1) IC' has highest weight p and H? = V22 @ V20 wish y22 having highest
weight 2. and V*° having highest weight v. Then p and v are independent over
R and 3C* has precisely the highest weights myp + myy with my + 2m, = k,
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m; > 0, m; an integer. VP has highest weight g\, + A, ) + (p — q)/2A,.

Proor. Since every representation of Sp(n) X Sp(1) is self-dual, the repre-
sentation of Sp(n) X Sp(l) on H" is the same as the representation of
Sp(n) X Sp(1) on IC' = VM. Thus p = A; + A, 4y

Now (V%M in fact, is fixed under the group K, = Sp(1) X Sp(n — 1) X
Sp(1). Thus » = mA, for some positive integer m since Sp(n) X Sp(1)/ K, is a
symmetric space. By the Weyl dimension formula we have m = 1. Thus we
have that p and » are independent over R.

Suppose the highest weights on IC are precisely m, p + m with m, + 2m,
= [ and the m; nonnegative integers for 1 < / < k. We now prove the result
for 3¢, As P* = J(* ® P*~%2 as a representation of Sp(n) X Sp(1) we have
that highest weights of the form m,u + m with m; + 2m, = k cannot
occur in P*72, If m, + 2m, = k we see that S™(V') @ S™(V?%) is a
subrepresentation of Sp(n) X Sp(l) in %* and contains the highest weight
m;u + myv. As 3¢ contains [k /2] irreducible subrepresentations of Sp(n) X
Sp(l) and there are [k/2] weights of the form m,p + m,p with m,, m,
nonnegative integers such that m; + 2m, = k we are done.

It is now a trivial matter by examining the formula for (V?9)™ that the
highest weight on V?»?isgu + (p — q)/2 ».

4. The actionof aon X”. Let H = ¢, ® e}, , + ¢,,, ® ef. Since dima = 1
the map a& — C given by » — »(H) is an isomorphism and we shall abuse
notation by identifying » with »(H). Using this identification we have that

1-|g- 0|
(1-<g-0,b))
where g € G, b € S%~! and f € H”. Moreover if we define
1(s7') = (1 = Jl&- OP)/11 — <&~ 0, 55)"”

we have that H” = 1, - H? where the product has the obvious meaning.

In §3 we found an explicit formula for the M-fixed vectors of X”. Since
Ad M (H) = H it is clear that #,(H)(X”)¥ c (X"). In this section we will
find explicit formulas for the restriction of «,(H) to (X")M.

Suppose f € H® and y = (y,...,»,) € S*~\. A simple calculation
yields
®  TH)LIY) = (/20 + 7)LHO) + L)me(H) f(y)-

Since 1,(b) = 1 for all b in S%~! we will abuse notation and write f and

1f. In order to compute explicitly =,(H) restricted to (X”), we first state
some easily derived facts concerning the hypergeometric function

F(a, B; v; 2).

v/2
(7,(8)f)(b) = [ ] f(g7'b)
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LeMMA 4.1,
(1) (d/dz)F(a,B;v;2) = (aB/Y)F(a+ LB+ 1y + 1;2).
@ (y=B-a)F(a,B;v;2) =(vy — B)F(a, B— 1575 2)
—a(l = z)F(a+1,8;7v; z).
(y=B-a)F(a,B;v;2) =(y — a)F(a — 1,8 v; 2)
-B(—-2)F(a, B+ 157; 2).
F(a,B+1;v;2) = F(a, B; 73 2)
=(az/Y)F(a+1L,B+1;y+1;2).
3) Fla+1,Bv;2) = F(a, B 15 2)
=(Bz/V)F(a+ 1, B+ 1y +1;2)
THEOREM 4.1. (1) IfF =R,

1
m(H)en = 5 gm =1 |

2)

(€)

(n+2m = 2)(v + m)e,

+m(v—m-—n+ 2)e,,,_|].
@ IfF=CorF=H,

_ 1
)t = 3 = 2+ 2m)

'[(dn - 2 + I+ m)(l’ + I+ m)em.,,l,[.,,l
+(m—-—UDp—-—m+1—dn+2)e, 4

+(m—Il+dn—dy(m—-1+v—d+2e,,
+(+m+d=-2)(v-—m—1—dn—d+48)e, ;]
PROOF. Proof of (1). From equation (+) we have
w,(H)e,,(§) = v cos § e,,(§) + mo(H e, (£)-
Differentiation by parts yields mo(H)e,,(£) = sin {(d/d$)e,,(£). Thus,

7,(H )en () = PCOS'”‘“'&F( - l 5 5 L —tanzi)

-m cos"‘"€sin2£F( —2m , 1 _2m ; "; 1 ; —tan’&)

m(1 = m)
n-1

cos™ " l¢tan%¢

'F(:z_m"'l’ 1_2'"+1; ”;l +1; —tanze).
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From Lemma 4.1(3")

m(1 — m) m—1 2 —m 1-m n—1 2
—T:—I—cos §tan£F(T+l, 3 +1; 3 +l,—tan£)
- _ m—1 2-m 1l-m _n-1 _ 2)

m cos £F( T L tan‘¢

+m cos""‘&F( —2m , ! -;m ;2 ; ! ; —tan’&)

= —me,_,(§) + mcos"'"ﬁF( —2'" , 1 —2m ; & ; L, —tan’&).

So

w,(H)e,(£) = (v + m)cos™* ¢

-F( —2m , 1 -;m ; n; L, —tan2£) - me,,_,(§).

By Lemma 4.1(1)

v+ m)cos’”“&F( -2m , 1 _2 Z,z ; ! ; —tanzg)

(n+m-2) (m)
= (v + m) mem+1(§) + (V + m) -(-n—m——_—z—)em_,(ﬁ).

This proves (1).

Proof of (2). (a) Suppose that F = C and let e, (¢, ¢) = h,, ,(§)e’®. Then
differentiation by parts yields

7,(H)en, (6 @) =| % cos ¢h +lsingﬁ'_'bl
ARV BT TR T TR

I -
+ 5 (cos & + (cos §) ')h,,,,,]e‘(’“)"

+| Lcos¢h +lsin£i'"—"
2 ml T d¢

- ?21- (cos & + (cos £)_l)hm,,]e’("')".
Set

dh
Li(h,,;) = % cos ¢h,,, + -;— sin § —dz—' + -é— (cos£ + (cos g)"l)h,,,,,

and
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dh
Ly(h,,) = % cos ¢h,,, + % sin § 742—' - -é— (cos& + (cos g)-l)hm’,.
Then

Li(h,) =% ; Icos"'”gF( I-2m , _12_ Zin—-1; —tanzg)

I m- (l—m —l-m, . _ 2)
+2cos ¢F 7 3 ;n—1; —tan*¢

m mypgyp(l=-m =l-m . 2)
2cos £sm§F( 7 3 ;n—1; —tan®¢

()52 (52 Jeosme(-tant

pfl=m -l-m o 2)
F( 1, S g ),

By Lemma 4.1(3")

(52 (=572 (52 Joor sy

. F(-I—Tz—ﬂ +1, l=m, 1; n; —-tanzé)
!

2
=(—_m)h _(l_m)cosm—l£
2 'm—1,1+1 2

] l-m =l-m . 2)
F( > 3 ;n—1; —tan¢).

Thus,
- + ,,,
Ly(hn,) = ! 2m hp1g41 + rrlidm 12 M cosm*

I-m =l-m., . _ 2)
F( S 1~ tan),

Applying (2) of Lemma 4.1 gives
v+l+m

mal l-m =-l-m, . 2)
2 cos £F( 7 3 ;n—1; —tan*

_vtl+m 2n—2+l+m)h +(——u—)h
- 2 2n—2+42m ) mtui+l 2n — 2+ 2m ) Mo

Therefore we obtain
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i+ Dg 1
[21(m) e 2(2n — 2 + 2m)

(@n=2+1+m)+ 1+ mey,yu
+(m=DE—m+1-2n+2e,_ 1]

Now

vy=1_ m+ (I—m =l-m, . _ 2)
LZ(hm,I) 2 Cos §F 7 ) ;n—1; —tan®§

=1 oem-1 (I—m —l-m_ . _ 2)
+ 2cos ¢F > 3 ;n—1; —tan

- %cos”""& sin’&F( I=m =l=-m in—1; -tanzi)

2’ 2
+ ( = m )( _1; m )( n_l_ : )(—tanzf)cos K3

2
'F(I' L e Rk R T —tan’&)
2 9 2 9 ’ .
If we apply Lemma 4.1(3) to the fourth term on the right-hand side of our
equation we obtain

Ly(h,,) = #hm_”_l + -"—:—'in—'ﬁcos"‘“z

. l—-m —=l—-m, e a2
F( e e IT RSt tans).

By Lemma 4.1(2), cos™*1¢F((I — m)/2, (—1 — m)/2; n — 1; — tan%) gives
us

R -

f@n=2+14 m)(m—1+v)e,,
+(+m@p-m=1-2n+2e,_ ;]

(b) Suppose now that F = H and let e,,,( ¢) = x,(9)h,,,(¢). Then

7, (H)en, (5, 1) = v cos § cos 1x,(1)hy, (£)

+ sin £ cos 1x,(?) dh':i;(s)

+ (cos £+ (cos £)"sin t dx;t(t) )h,,, 1(8)
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As x,(¢) = (sin(/ + 1)f)/sin ¢t we have that
cos 1, (1) = 3 X541 (1) + 11 (1)

and

1+2
smt—x1(t) 2x:+1(t) 5 Xi-1(0)-
Thus

w,(H)e,, (6 1) = [ =cos ¢éh ,(£)+ sm£ hf

+ % (cos & + (cos £)")hm,1]x:+1 ()

'm,l

dh
+ %cosg ,(£)+ sm£ pT;

1+2

(cos & + (cos )" l]Xl-l (-

Our result now follows by using the argument of (a). This completes the
proof of the theorem.

5. The composition series for the principal series. In this section G will be a
classical split rank one group. Our main goal in this section will be a complete
description of the composition series which arises in (7,, X”) when 7, is
reducible. For this purpose we need the following proposition.

ProPOSITION 5.1. (1) There is a G-invariant nondegenerate sesquilinear
pairing between (,, H”) and (;441y-5-5 HI@+D727%),

(2) Let f be an eIement of V, for some y € Ko Then, if 1,f is a cyclic vector
Jfor (m,, H”), the cyclic space for yn+1y-2-3f is infinitesimally irreducible.

See [22] for a proof of this result.
Recall the definition of the function e for g

e() =T(3(3m, + 1+ G a))T(3 (37, + My, + A, ag))).

See [6] for an explanation of the terms.
Then e(i(p — va)) = T'(2(» + 1 — m,,))['(3 ») where

{0 if F=R,
my={1 ifF=C,
3 fF=H.
So
e(i(p — va))e(—i(p — va)) = T(3»)T(- $»)T(3(» + 1 - my,))
‘T(3(=v +1-m,)).
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Let X{ be the cyclic space for 1, in X”.

THEOREM 5.1. (1) (Kostant [10], Helgason [6]). X; = X" if and only if
e(i(p — va)) # 0. m, is irreducible if and only if e(i(p — va))e(—i(p — va)) #
0.

(2) (Takahashi [17]). Let F = R and v = — k where k is a nonnegative
integer. Then w_, leaves V) = ZX_30 invariant, and the induced representa-
tions on V, and X ~*/V, are irreducible. By duality, m,_,,, leaves W, =
2% k4130 invariant, and W, and X"~'** /W, are irreducible.

(3) Let F = C and v = —2I where | is a nonnegative integer. Then m_,,

leaves

! o [
Ly= 2 3, Hy=723 3 39
p,q=0 p=04=0
o I
Hy =3 2 %9 Hj+Hy
q=0 p=0

and X ~¥ invariant with Ly, H, /L, Hy /L, and X ~¥/(H} + Hy)
irreducible under the action induced by 7 . 5. T,, 4, leaves

0 0 o0 0
Uy = 2 2 ¥ Fy = 2 2 I,
p=Il+1g=Il+1 p=Il+14g=0
o0 -]
- N + -
Fgp=23 X ¥ Fj+Fy,
p=0g=I+1

and X***¥ invariant and the actions induced on U,, Fy} /Uy, Fy; /Uy, and
X+ [(F;; + FyY) are irreducible.

(4) (i) Lee F=H and v = —2] wherelis a nonnegative integer. Then m_,,
leaves Wy = 2, kcaV™, My = =, _rcars2V™ and X =¥ invariant, and W,
M,/ W, and X~¥/M, are 1rreduczb1e Dualizing we have that W, =
SV ™ My =2, jsoe2V™ and X**2*Y are invariant under
Tans242 ANd the induced representations on M,, W,/ M, and X*****¥ /W, are
irreducible.

(i) Again, let F = H. Then T = Z3_oV™" and X 2 are invariant under ,
and T and X*/T are irreducible. T =3, _k>oV™ and X* are invariant
under m,, and T and X*"/ T are irreducible.

Proor. We will prove (1) for each case separately.
Proof of (1) and (2) for F = R. From Theorem 4.1(1) we have that

a(H)",=(r+m—-1)@p+m=2)--- (v)e, mod[l,e,...,e, 1]

Thus 1, is cyclic if and only if » # — k where k is some nonnegative integer.
Since m, =n—1 and m,, =0 this is equivalent to the condition that
e(i(p — va)) # 0. By duality we have that #, is irreducible if and only if
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e(—i(p — va))e(i(p — va)) # 0. But e(—i(p — va))e(i(p — va)) # 0 if and
only if e(—i(p — va))e(i(p — va)) # 0. This proves (1) if F = R.

We now consider 7_, and its dual representation 7,_, ;. From Theorem
4.1(1) we see that 1,_,,, is a cyclic vector for m,_,,, and that the cyclic
space for 1_, is V}. So V, is an irreducible subspace. From Theorem 4.1(1)
we see that ¢, is a cyclic vector for 7 _, and the irreducible cyclic space for
€., in X"~ 1** is W,. (2) now follows from Proposition 5.1(1).

Proof of (1) and (3) for F = C. Using Theorem 4.1(2) with d = 2 we can see
that 1, will be a cyclic vector for =, if and only if v # —2k where k is a
nonnegative integer. By duality we obtain (1) when F = C.

We now consider 7_,, and its dual representation ,,,, where k is a
nonnegative integer. Since 1, ,, is cyclic for =, , ,, the cyclic space for 1_,,
in X ~? is irreducible. By Theorem 4.1(2) and the remark in §3 for F = C, we
see that the cyclic space for 1_,, is L,,. By further application of 4.1(2) and
the remark in §3 for F = C we see that H,}, Hy, Hyf + Hy; and X ~% are
invariant under the action of #_,,. In the same manner we see that 7,,,,;
leaves Uy, F;f, Fy;, Fyf + Fj;, and X?"*? invariant.

Observe by Theorem 4.1(2) that e, , 4 is cyclic for 7 _,, and that the cyclic
space for ey, ;0 in 7y, 5 is Uy

By observing that the actions of #_,, on H,} + H,; and #_, on H,} +
H,; and my,,, on X2**% /U, are dual (3) follows by a modification of
Proposition 5.1(2).

Proof of (1) and (4) for F = H. By using Thoerem 4.1(2) (d = 4) we see that
1, is cyclic if and only if » # —2/ where / is a nonnegative integer and » # 2.
By duality (1) now follows immediately for F = H.

(i) We consider 7_,, and its dual representation m,, , ,,,, for / a nonnega-
tive integer. By Theorem 4.1(2) we see that W, M, and X ~% are invariant
under the action of 7_,,. Similarly we see that W, M, and X*+2+% are
invariant under the action of m,,,,,,. Also Theorem 4.1(2) tells us that
14,4242 18 cyclic for 7y, . 5. and ey, 44 is cyclic for 7_,,. The cyclic space
for 1_, is W, and the cyclic space for ey, o in X***2+% is M,. Now the
induced action of 7, ,,,4 on X**2+2 /M, is dual to the action of 7_,, on
M,. By modifying Proposition 5.1(2) we obtain 4(i).

(ii) By Theorem 4.1(2) we have that 1,, is a cyclic vector for =,,. Also, we
see that the cyclic space for 1, in X2 is T. Again by Theorem 4.1(2) we see
that e, is a cyclic vector for , and the cyclic space for e, in X* is T. 4(ii)
now follows from Proposition 5.1.

6. The intertwining operators and the complementary series for the classical
split rank one groups. In this section we compute the intertwining operators
and the “partial” intertwining operators between X” and X* for A,» € C
when G is one of our classical split rank one groups. We actually determine
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the linear maps A, from X” to X* such that Ay, (k) = m,(k)4, for all k € K
and Agm,(H) = m,(H)A,.

THEOREM 6.1. Suppose that A, intertwines X” and X» where A = d(n + 1) —

() if F =R,
k .
n—-2—-vpv+j )
a,(v) = Ag|ox= — |5
(7)) = Aolse jl_Il( |
(i) f F = C,
F(2n=2+2-v\ & (2m=-2+2—-»
04(7) = Aolog= 1I ( -2+ )H( 2-2+» )I;
Jj=1 I=1
or,
(iii) if F = H,
(v)=4 (pﬁ)/2(4n—z+2j—v)“’*"’/’(4”21—»),
a,, (v)= = - i Lt 4y § 4
o dee= L T2+ ) L e
PROOF. (i) Now 7, (H)a,(v)e, = A(m\(H)e,). Thus by Theorem 5.1(1) we
have that
1
—5 =3 L(n + 2k = (v + K)a,(V)egs, + k(v = k = n + 2)a(v)e, ]

1
= T2k =2 [(n + 2k = 2)A + K)as 1 (P)ernr

+k(A =k — n+2)a,_,(v)e,_, -

This gives us a recursion relation for g, ,(») and (i) follows. (i) and (iii)
follow in the same way.

We consider the intertwining operator By(»): X” — X4(*+D=2=7 defined by
By(v) = e(i(p — va))Ay(»).
REeMARksS. If F = R,

_ 1 _ 21—5”]/2 -
BO(V)I‘JC"_ r(%”)r(%(v + 1)) ak(p) = r(p) ak(v) - k(v)‘

IfF=C,

1
By (Mgga= ——— 8,4(¥) = b,,(¥)-
S ()
If F=H,

= 1 = 14
BO(”)IVM— I\(y/z)r((p - 2)/2) aP»‘I(v) - bl’-q( )'
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We wish to determine which of the representations (7,, X”) and which of
the representations defined in Theorem 5.1 have invariant pre-Hilbert space
structures. In other words suppose (7, V,) is one of these representations and
(m,, V) is the dual representation. We wish to determine whether or nor there
is an intertwining operator B: V; — V, such that, for all v in V,, (Bo, v) > 0.
Observe, for example, that if » = (d(n + 1)/2) — 1 + i\ where A is real, =, is
self-dual and the identity defines the appropriate intertwining operator.

From Proposition 5.1(1) it is clear that we can only find an invariant
pre-Hilbert space structure if » = » or if » = d(n + 1) — 2 — ». Since the
second case has just been dealt with, we consider the case where » is real.

Let By(v) be as above and let {, ) denote the sesquilinear pairing on
H” X H4#+D=2-% in Proposition 5.1(1). (If f € H’, g € HA"+V-2-7
gy=/ K/Mf(b)?(-l;; db.) If v is real let (, ), be the bilinear form on H”
defined as follows: For f, g in H” set (f, g), = {f, By(»)g)-

THEOREM 6.2 (KOSTANT [10]). Suppose v is real. Then the following state-
ments are true.

() If F =R, (,), induces a positive definite Hermitian form on X" if and
ony if0<v<n-1.

(2 If F=C, (,), induces a positive definite Hermitian form on X” if and
only if 0 < » < 2n.

@) IfF = H, (,), induces a positive definite Hermitian form on X" if and
only if2 <y <4n.

Proor. This follows from Theorem 6.1 if one observes that all the b (»)’s
are nonzero and have the same sign for eachy € Ko (Here we are 1dent1fymg
the elements of Ko with their indexing sets.)

We use the notation of Theorem 5.1. By reasoning similar to the above we
easily obtain:

THEOREM 6.3.(1) (Takahashi [17]). If F = R the kernel of B(—k) is V, and
(, )—y induces a positive definite bilinear form on X ¥/ V, = W,.

(2) If F = C the kernel of By(—2l) is Hy; + Hy; and (,)_y induces a
positive definite bilinear form on X =% /(Hy} + Hy) = Uy,.

(3) () If F = H the kernel of By(— 21) is M, and (,)_, induces a positive
definite bilinear form on X ~¥ /M, = M,.

(ii) If F = H the kernel of By(2) is T and (, ), induces a positive definite
bilinear form on X*/T = T. The kernel of By(4n) is T and (, )an induces a
positive definite bilinear form on X*/T = T.

Observe that if F = R we have exhausted our considerations. However, if
F = C or H there are some subquotient representations for which we have
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not determined whether or not there is a positive definite Hermitian bilinear
form.
If F = Cset
Co(v) = T(v/2)B, (v)
and if F = H set

Co(») = T((» = 2)/2)By ().
Ifv==2llet{f g}_y =<{f, Co(—2D) 8.

THEOREM 6.4. (1) If F = C, Cy(—2!) is defined on H,} + H,; and has
kernel L,. Cy—2l) is an isomorphism from (Hy + Hy)/L, to
(F55 + F;)/ Uy. Moreover, { , }_,, induces a positive definite Hermitian form
on (Hy + Hy)/Ly if and only if 1 =0. Thus Hy; /L, = F;; /U, and
Hy /Ly = Fy; /Uy, and only Hg" /Ly = Fg' /Uy and Hy /Ly = Fg /U,
have invariant pre- Hilbert space structures.

() If F = H, Cy(—2I) is defined on M, and has kernel W,. Co(—2l) induces
an isomorphism of M,/ W, with W,/ M, and { , }_,; never induces a positive
definite Hermitian form.

ProOF. The proof of this theorem is the same as the proof of Theorem 6.2.
By Nelson’s theorem [13], we obtain:

THEOREM 6.5. Consider the representations of Theorems 6.2, 6.3 and 6.4 which
have positive definite invariant Hermitian forms on them. We obtain unitary
representations of G on their respective completions with respect to the induced
norm.

7. Kostant’s P-matrices. In this section we give the relationship between
Kostant’s P-matrices and the intertwining operators for general semisimple
groups. We show how to compute the P-matrix in the case of split rank 1
using the results of §6 and [7].

The Poincaré-Birkhoff-Witt theorem implies that since g=f®a®n,
U (g) (the universal enveloping algebra of g) splits into a direct sum U(g) =
(U@t + nU(g)) ® U(a) (U(a) is the universal enveloping algebra of a).
Thus if u € U(g) there is a unique element P, € U(a) so that u — P, €
U@t + nU(g).

If u € U(g) and » € a* then (7,(4)1,)(e) = »(P,) (here » is extended as the
unique homomorphism of U(a) to C which is » on a). This is easily checked
since if X € n and f € X” then (7,(X)f)(e) = 0 and =, ()1, = 0.

Set P,(») = »(P,).

Kostant and Rallis [11] showed that there exist K-invariant (under ad)
subspaces H* and J* (see [11] for definitions) of U(g) so that

(M U@ =U@Et® H*J*
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(2) J* is contained in the centralizer of f in U (g).

(3) H* as a K-representation is equivalent with X”. (As a K-representation,
(7| X)) = (7, ks XF) forall v, p € ag. Let us denote (7 |K, X?) as (w, X).)

Fory € K, let E, = Homg(V,, H*) and E Homg(V,, X).

Lemma 7.1. There is a basis a,,...,ay, of E, (I(y)=dim V¥ (the
M-invariants in V,)) and a basis v, . . ., vy, of VM so that Py20) = 8.

Proor. If we observe that lzp(g"k) = P(gK, kM) is the Poisson kernel of
G/X it is easy to see that 7, (U(g)l,, = X %, Now 7,(J*)1,, C Cl,, and
f-1,, =0 Hence X %= 7,,(H*)1,,. But then the space of M-invariants of
X% is ;76 ,g'rrzp(EY(Vy” D1,,. Frobenius reciprocity implies that X =
2,efV(E, ® V) where

V(A ®o)(k) =A(r,()7'0) (b, Vy) E Y.

Thus the M-invariants of X are just 2, ¢ sz(E ® V” ) * 15,. Now it is clear
that m,,(E,(V,)1,, = \[/(E QV,). Th}ls by countmg dimensions we see that
there is a bijective mapping §,: EY - E, so that

m3,(a(0))1,, = ¥(8, (a) ® v).
The standard proof of Frobenius reciprocity implies that there is a basis
Oy ooy Uy Of V.M and a basis 4, ..., 4, of E‘, so that y(4; ® v)(e) =
8;. Take a, = 6,7'(4). QE.D.

DEFINITION 7.2. PJ(v) = a'(,/)(v) for ay,....q4, v,...,¥ as in
Lemma 7.1.

Set PY(v) = (P} (»)). We look at P7(») as a map of V.}” - V.f’ by setting
PY(»)v, = ZPI(»)y;

If A € (VH¥, v € V,, define A ® v)(k) = Ao, (k)™ 'v). Then X, =nH
® V, (the only action of K is on V) as a K-module. Define for acE E
v E VM BY(a)(v) = (m,(a(v)) - 1)(e). Then B: E, - (VHM. Clearly
BJ(@)(0) = Pyio(0):

Now let T,: H* — X be defined by T,(u) = =,(u)1,. Then T,, is bijective
by Lemma 7.1.

LemMA 73. T, o T,'A® v =A o PT(») ® v, for A € VoM, ve VM

PROOF. Let §,: E, —» (V)™ be defined so that T;,(a(v)) = &(a) ® o,
a€EE,vEV, By the above sz(a) 8,(a). Now T, o °T,, l(sz(a) ®v) =
B} (a) ® 0. But B} (a)(v) = (v) Thus B/ (a) = Bj,(a) ° P*(v). Hence if
Bl (@)= A, then T, o Tz nN® v =AoP'(») .

We note that the defmmon of the PY(v) implies

Lemma 7.4. 7, (U ()1, = X” if and only if det PY(v) # 0 for all y € K’o.
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Noting that PY(2p) = I for all y € Ifo we see that det PY(») 2 0 for any
Y E I?o. Thus det PY(») # 0 for almost all ».

LEMMA 7.5. Let s € W (A) the Weyl group of a. Suppose that A,(v): X — X,
A,®) e w,(u)A= w,(,_p)_,,p(u) °cA,(»), ue U(g) and A,(v)-1, = l,(,_p)+p.
Then if y € Kyand A € (Vv € V,,

A,(A®v)=AoPT(») ' P (s(p—p) +p)® v
if det PY(v) # 0 and det PY(s(v — p) + p) # 0 for all y € K,

ProoF. If u € H* then A4,(»)T,(u) = A,(»)7,(u)], = Tyw—py+0 (M)A, (V)1,
= ﬂ:(r—p)+p(u)l:(v-p)+p = T;(v—p)+p(u)' Hence AS(P)T, ° Tz;l()\ @ 0) =
° T,,'(A ® v). Thus

A(A® 1) = (Tp—pap° T55') o (T, T5") A ® v)
=AoPY(») ' P (s(r—p)+p)®0

T:v(r—p)ﬂ’

by Lemma 7.3.
If dim a = 1 we identify » € a& with »(Hy) € C where 1 is the smallest
eigenvalue of ad Hy|,.

THEOREM 7.6 (COMPARE KOSTANT [10)). If G is split rank 1 then dim V,” =
1 if y € K. Hence PY(») is a scalar.

(1) If G is locally isomorphic with SO (n, 1) we parametrize K, as in Theorem
32 agd set PY(v) = PBy(v) if y is the class of 37. Then P(v) = ¢IVZ{(» + j),
¢ #0.

(2) If G is locally isomorphic with SU (n, 1) then let PY(v) = P, /(¥) if v is the
class of 3. Then

i-1 Jj—1
P,(v) =c; II @k +») II 2k + »).
k=0 k=0
(3) If G is locally isomorphic with Sp(n, 1) then let PY(v) = P, /(@) if v is the
class of V¥ (see Theorem 3.2). Then

(i-)/2-1 (i+))/2-1
Pyy=c¢;, I (@+20-2) I (v+20).
=0 =0

(4 If G is locally isomorphic with F, with K = Spin(9) then if y is the class of
Vi,

(i-)/2-1 (+)/2-1
P,)=c, II @-6+») I @+
=0 =0

(See [7, Theorem 3.1] for notation.)
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Proor. Suppose dim a = 1. If S(poo) is the symmetric algebra of jo., then
we look at S(pc) as the polynomials on @ *. Using B, the killing form of g,
P * is equivalent to @ as a representation of K under Ad. Also, if H, is as
above, then Ad(K) - Hy = K/M. Thus S (po)|K/M = X as a representation
of K. Let 3 be the harmonic polynomials in S (o). Then if A: S(g) - U(g)
is the symmetrization mapping A(3() = H*. Let ‘JCy be an irreducible compo-
nent of JC labeled by its equivalence class. If f € ‘JC:’ then 7,(A(NH))1, =
PY(v)f as a function on K/ M. We therefore see

6)) If f € 3, f # 0, then deg PY = deg f.

The result now follows from Lemma 7.5, Theorem 6.1 and [7, Theorem 5.2]
by observing that the a,(») are of the form n, (v)/d,(v) with n (v) and 4, (v)
relatively prime and deg d,(v) = deg ffor f # 0, f € ‘JC{," . QE.D.

8. Remarks on square-integrability. In this section we will examine the
representations of §7 to determine which of these representations are square-
integrable. We first however will make some general statements concerning
the square-integrability of representations.

Let G, K, A and a be as in §2. Let a* = {H €a: a(H) > 0 for all
a € A*}. Suppose 7m: G — £(IC, I) is an irreducible representation of G.
Let » be an irreducible representation of K which occurs in # and let
v, ..., 0, be orthonormal vectors which span a vector space which is
irreducible under the restriction of # to K and transforms according to ».

w is said to be square-integrable if, for all g and y in I, [ K7(g)o, Y| dg
< 0. From Harish-Chandra [3], we know that = is square-integrable if and
only if there exist ¢ and ¢ nonzero in JC such that

JKn(8)o, 0> dg < co.
Thus 7 is square-integrable if and only if
J (8o o) dg < eo.
Now
[<n(onoddg = [ [ Ka(k)m(@)a(ks)oy, o8 (a) dk, da dk,
G k/a+/k
where 8(a) = Il c,+(e*18 D) — ¢~y (see Helgason [5, p. 382)).
From Schur’s lemma, we have
2
J [ J3@atkym(@m (ko o) dk, da dty
=[[.[8@ Ptk (e)[<m(@)s, v dk, da di,
K7A*YK Jok=1

- ;15 f,. *8(a)j”2- (e, o) da.
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Thus 7 is square-integrable if and only if forall 1 < j,/ < m

L*s (a)|<77(a)vj, v,)lz da < .

Hence, from the formula for & (a), 7 is square-integrable if and only if for
alll1 < j,I<m

f (89| (7 (a)v,, v,)]2 da < .
A*

From Harish-Chandra [4], we know that if JC contains a K-fixed vector, =
is not square-integrable.

We now suppose that G is a classical split rank one group. That is, G/ K is
the open unit ball in F*. Our main results of this section can now be stated.

THEOREM 8.1. (1) (Takahashi [17]). If F = R and n > 3 the unitary repre-
sentation 7 _,, induces on the completion of X =%/ V, is not square-integrable.

(2a) If F=C and n > 2 the unitary representations m, induces on the
completion of Hy' / Ly and Hy /L, are not square-integrable.

(2b) If F = C and n > 3 the unitary representation m_,, induces on the
completion of X ¥ /(H,} + Hy) is not square-integrable.

() If F=H and n > 3 the unitary representation m_,; induces on the
completion of X =¥ / M, is not square-integrable, and the unitary representation
m, induces on the completion of X%/ T is not square-integrable.

ProoF. Since G in each of these cases has split rank 1, dim a = 1. So if we
let
cosh¢| O | sinh¢

0 1 0 €A
sinh¢| O] cosht¢

a

we have that
[ 8(@)f(ayda = co [ "5(a)f(a) s
A 0

where ¢, > 0and f € C,(4%).

Proof of (1). Observe that the K-irreducible subspace I(**! occurs in
X %/ V,. Since n > 3 there is a harmonic polynomial of degree k + 1 which
is independent of the first variable x,. (Recall the coordinates of F".)

Now

7_1(a)G (%3 ..., X,)
X2 Xp
cosht —sinhtx; * """’ cosh¢ — sinh tx,

= (cosh ¢ — sinh tx,)"G(

1
~ cosh ¢ — sinh tx,

G (%3 .5 X,)
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If the representation #_, induces on the completion of X =%/ ¥, were
square-integrable we would have

fows (@)<7_1(a)G, G| dt < oo
where
{m_i(a)G, G =Lﬂ_|ﬂ_k(a,)G(x,, s %) G (X, %) du(S™)

and du(S""") is the standard measure on S”~!. However,

fs 7 (@)G (X %) G Xy -5 %) dp(S™!)

= 1 2 n-1
'fs»-n cosh £ — (sinh 7)x, |G (x> X)) du(S"™7)
-1 1 ) .
B cosht Jgn-11 — (tanh t)xl |G(‘x2’ cees x,,)l d[l.(s )

1 2 - A
> Zcosh 1 .[gn-an(xz’ s %) dp ST = 2cosht’
Since 2p(loga,) = (n — 1)t and e@=1/2¢(4/2 cosh £) ~ Ae‘®~3/2 for
large ¢ we see that our representation is not square-integrable if n > 3.
Proof of (2). (a) Observe that 3" occurs in Hy" /L, and ! occurs in
Hy /L,
Let G(z,...,2,) = z, and let g, be as above. Then

22
cosh ¢ — (sinh #)z,

mo(a)G (2y .-+ » 2,) =

Then
(m0(a)G, G = [ ot du(S™1)
OV s2-1 cosh ¢ — (sinh £)z,
= 1 |22I2 2n-1
" cosh t Jga-1 1 — (tanh 1)z, w(S™)

1 2 m-1y = 4
cosh ¢ ./;h-llzzl Aw(S™7) cosht’
As 2p(log a) = 2nt and e™ (A4 /cosh 1) ~ 2A4e®~ " for large ¢, we see that the
unitary representation m, induces on the completion of H," /L, is not
square-integrable. The case of Hy /L, is now obvious. Thus we have proved
(2a).

(2b) Observe that 3+ 1+ occurs in X =2 /(H,¥ + Hy;). Recall that if G is
in SCI+ l,I+|,
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G(azy ..., az,) =|a*?G(z),...,2,) for a €C.

Let G € 3C*"*! which is independent of z, and z,. This can clearly be done
since n » 3. Then an easy calculation gives

1
7_u(a)G(zy...,2,)= G(zp .05 2,)
‘ |cosh ¢ — (sinh t)z,|2 =2 .

Moreover,
<’7—21 (at)G’ G>
1

- G(zp- .- »2,)| du(S¥"
st |cosht-(sinht)z,|2| @2 SR

1 1 \
= G(zyy..., 2n—1
cosh? ¢ fsz"-' |1 - (tant ’)z||2 |G (2 z,)|" du(S*1)

1 1 2
) G ) d 2n-1
cosh’ ¢ fsb-' 1 — (tanh 2)%|z, |G (2, z,)| du(S*77)
1 ) ]
cosh? ¢ .[gz,.-.lG(zz’ oo 2| du(8*Y)
- co::l2 t with 4 > 0.

As e™(A /cosh? £) ~ 44e™~?" for large ¢ and n > 3 the representation 7_y
induces on the completion of X =¥ /(H,} + Hj;) is not square-integrable.

Proof of (3). Observe that the K-irreducible space y¥+49 occurs in
X =2/ M, and the K-irreducible space ¥ occurs in X/ T. We first need a
characterization of the elements of 2™ and this is provided easily as
follows: _

(i) Let 92" = (f € 9™ f(ww, ..., w,w) = [w"f(w,, ..., w,) for all
w € F = H}. An easy calculation shows that Pm is K = (Sp(n) X Sp(1))-
invariant. _

(ii) Observe from Theorem 4.1 that (V™) 0 $>" = (0) if and only if
!l = 0. Thus V™0 c $m,

Now let G € V¥+49 which is independent of the real coordinates of w;.
This can be done since n > 3. Then

1
T_3(8)G(Wps -+ - s W,) =

|cosh z — (sinh t)w,|4
Similarly, if G € V*° which is independent of the real coordinates of w;

G(Wy ooy W)

1
7(a)G(Wys -5 W,) = G(Wy . -5 W,)
2 l |cosh ¢ — (sinh t)w,|4 2

Now
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1 2 4n—1
G(wy ..., w)| du(S*"™ ")
-[s""' |cosh ¢ — (sinh t)w,|4 G 0x: |

1 1 2 -
= G(wy ... W, dy.S""'.
cosh* ¢ [s‘"" |1 — (tanh t)w,|4 (G0 I aut )

Now
1 - 1
|1 - (tanh £)w,[* (1 = (tanh r)(w; + W) +|w,|? tanhzt)2

using the coordinates |w,|> = cos* and w, + w, =2cos§cost (0 < {<
7/2,0 < t < 7) we have
1 © e+ 1) (2 tanh r)*cos*¢ cos't
|1 = (tanh yw,[*  £=0 (1 + cos’ tanh%)**
Using the fact that [Jcos*t sin’ dt — O for odd k, we obtain from Theorem
4.1(4) that

1 1 2 4n—1
G(wy ..o yw,)| au(S
cosh4t _/;4,,-1 |1 _ (tanh t)wlr I ( 2 )I ”’( )

— \2k
1 § f QK+ 1) (tanh t)”‘(wl +w))
cosh¥ xop /s

(1 +|w, Ptanh%) ™"

NG Wy« . o, W) du(S41)

1 1 2
|G(wy ...y W) du(S*1)
cosh j;'"" (l +|w||2tanh2t)2

1 2 an—1
g 4 cosh% L«-,IG(W» coow)| du(S4)

A 1 .
( n ) st with 4 > 0.
As 2p(log a,) = (4n + 2)t and e@"+V*(4 /4)(1 /cosh®t) ~ 44e@"~ for large ¢
and n > 3, (3) now follows. This completes the proof of the theorem.

Using the fact that no unitary representation that contains a K-fixed vector
is square-integrable, we have:

COROLLARY 1. No unitary representation which arises from the spherical
principal series (irreducible or reducible) of SO (n, 1), SU(n, 1) or Sp(n, 1) for
n > 3 is square-integrable.
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We now consider the groups SO (n, 1), SU(n, 1) and Sp(n, 1) forn < 2. In
the case of SU(1, 1) or SO(2, 1) the discrete series does arise when the
principal series is reducible; see [1] or [14]. Now Sp(l, 1) is a covering of
S04, 1) and is thus dealt with above. SO, 1) = R and no more need be
said about it.

It remains only to consider the groups SU (2, 1) and Sp(2, 1). The following
proposition shows that the breakdown in the proof of Theorem 8.1 for these
groups is more than mere technical inconvenience.

THEOREM 8.2. Let G = SU(2, 1); then the unitary representation that m_,,
induces on the completion of X =% /(H*,, + HZ,,), H_,,, is square-integra-
ble.

The proof of this theorem requires a little preparation. We will actually get
more precise estimates than will be necessary to prove Theorem 8.2. Let T, be
the subgroup of K consisting of matrices in K of the form

e? 0 0
0 e 0
0 0 1

Then T, is a maximal torus of the subgroup K, consisting of all matrices in K

of the form
g1 0
0l 1

with g, 2 X 2. Noting that K is a central extension of K, we see that the
representation of K; on J(** is already irreducible. Furthermore standard
theory says that 3% = Zk__, 5(4* with

(a)dimﬂC’z‘j”‘= l, -k<j<k

®) If f € IG and if
e? 0 0
ki(@)=lo e 0
0 0 1

then my(k,(8))S = e~ .

Let P: 9 — I be the harmonic projection (see the discussion preceding
Theorem 4.1).

Set ¢ (21, 25) = P(|2,/* " ¥z{z}) for 0 < j < k. Set ¢y _; =,

LemMa 8.1. 3CFF = Cg, ;.

Proor. Clearly ¢, ; € J(*. It is thus only necessary to show that ¢, ; # 0.
We leave this as a (simple) exercise to the reader.
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LEMMA 8.2. A(|z,*~%2{Z)) = 4k (k — )|z~ ¥~ %z,

The proof is again a straightforward computation. Using Lemma 8.2 one
concludes directly.

LEMMA 8.3. ¢, ; = 2{Z{Z 20, |2,/ ¥~ %r¥ for 0 < j < k; here ¢, ;, ER,
Crjo = 1.

LemMA 8.4. (1) <7_ 5 (a)Py 41,5 ¢I€+l,1> =0ifj+#1

D) <T@ 1o P12 = COMET_2(@)Dp s 1,—jp Prs1,-0) Jor —k < j
< k (here conj(z) = 2).

BR)IfOK j< k+1then
Y s 15(2)
s 1 - (tanh 1),

Proor. To prove (1) we note that the centralizer in G of the set of all q,,
t € Ris M, the group of all matrices of the form

f{z_flzzl

-@2+)
T _ 24 (@) 41> Brey1,> = (cosh 7) 2+j “

e? 0 0
m@)=|0 e 0
0 0 e®

Now 7o(m(8))éy; = e~ ¥4, ;. Thus (1) follows from Schur orthogonality.
(2) follows from the fact that 7_,,(a,) is a real operator conj((7_5(a,)f)(2))
= (7_(a)f)(z) for z € S3.

G)Let0< j< k+ 1.

(7 2(a) i 41,)(2)
| 1-(tanhyy’
|1 - (tanh 1)z, |*
+ ((cosh t)z, — sinh ¢, z,))

=|1 — (tanh t)z||2k(cosh 1)*(cosh £)"¥|1 - (tanh t)z,]‘zj
+ ((cosh #)z, — sinh £)’z}

-Q2k/2)

¢k+w((cosh t — (sinh 1)z,) ™"

k—=j+1 )
. [ 2 ckJ,i(COSh t)—Zk—2+21+21
i=0

‘|1 = (tanh t)zll_2"—2+2j+2i|zz|2"+2'2j_2"r2"J

=|1 — (tanh 7)z,| "2(cosh #)"%((cosh 1)z, — sinh t)jZ£|22|2k+2—2j
+r7\l/f(zl’ Z2) with \P,(Zl, zz) € P*,
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Hence

T2k (@) 410 Pr1,?
(cosh £)z, — sinh 1)/ Z)|z,|*+2~¥

|l = (tanh 1)z,|2

= (cosh ) [ ( Feris () du

= (cosh#)™> 3 (tanh2)”** §j‘, (; )(— 1)’ (cosh )~/ (sinh 1)’

p.q>0 =0
—l=qziy, (2k+2-Y Ty
'Lazfﬂ ZiE)a Y by (2) d(2).

Now [z ¥/~ '287|2,**2~ Vg 1 (2) du(2) = Oif p + j — I # q + j since
&q1y € I+14+1, Thus noting (cosh 7Y ~/(sinh #)' = (cosh 7Y (tanh #)',

$T_ k(@) brcsryp Prwr?

J . 0
= (cosh 7) *(cosh ) 3 (f )(— 1)''S (tanh £)*+¥
=o\! g=0
’ fg 3lzllzqzjl‘z-ﬂzzlzkH“Zj‘l’l‘~~1.1(z) du(z) = (cosh £)"*(cosh 1)’

.3 (7)(- 1" (camn 7 Al Tos®
i=o M s*  1— (tanh 2’|z,

The lemma now follows from the formula 1 — (tanh #)* = (cosh 1)~2.
LEMMA 8.5. [o|z,[%|2,/* du(2) = p!q!/(p + g + D

Proor. This result is standard (cf. Vilenkin [18]). One can give a very
elementary proof of the lemma by noting

APjz,[P=47(p!),,  APPP =47(p + 1)pl.

Hence [gs|z,[* du(z) = 1/(p + 1). The result can then be proven by induc-
tion using
A e il el LR Y

LeMMA 8.6. (1) 1 < fei(|zo?/(1 — (tanh 0))z,|%) du(z) < 1 for all t and
there is a positive constant c, such that

) 1 < [s3(1/(1 — (tanh £?|z,[%) dp(2) < c,lt| for |t| sufficiently large.

ProoF. The lower estimates are trivial and (1) follows from the inequality
1 — (tanh ?z,]> > |2,/>

We now prove (2). As
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i L gy = 3 (tanh 1) [ o, du(2)
5% 1 = (tanh 7)°|z] p=0 53
p! © (tanh 1)¥

0
= 3 (tanh 1)¥ <1+

=1 — (tanh r)"?log(1 — (tanh #)*) < c,)t|
for |¢| sufficiently large.
LEMMA 8.7. Let c, be as in Lemma 8.6. Then
(cosh )"+ Bk + 1)1)?
(1) (2k + 3)!

< T (@) P41, 2. (k41 Pt 1,2 k+1)) < (cosh )
) If0 < |j]| < k then

I<’r-2k(at)¢k+l.1, ¢k+1J>| < ¢,lf|(cosh #)
for |t| sufficiently large. Here

[+ 10l = sup [Pe+15(2)|-
zes?

~@k+4=|j)

“¢k + l.l'"eo

Proor. (1)
Tk (@) Phs 1 x4 10 Prr 14410
zfrizp Pe+14(2)

s* 1 = (tanh 1)%|z?

= (cosh 1)~ C*®

du(2)

2k+2| 2k+2

21| 7|z
s* 1 — (tanh #)’|z,|

—G+p (K + 1) )
Qk+3)

= (cosh 1) "@*®

5 du(2)

= (cosh ¢)

On the other hand,

2k+2 |2k+2

|2af*

> 1 — (tanh 1)’z

f 1]z
s 1 = (tanh ¢)*)z,|*

du(z) < fs du(z) < ¢,

This proves (1).
To prove (2) we first observe that if s > 1, then

~(3+k)

169
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du(z)

=i 2 27~
f z{z{]zz| s|zl| ¢s+1+j,i(z)
s? 1 — (tanh t)2|z,|2

€] -
Z{5£|32|23-2|21|21+2¢;+1+j,i(2)
= —(cosh r)2 du(2).
(cosh 1) fss 1 - (tanh 1)’z o
Indeed,

z{z’{|z2|2’|zl |2l Psr145(2)
J . du(2)
s’ 1 - lzll

s B ——re
=ng{25122|2‘ lz||21¢s+l+jj(z) du(z) = 0.

Since deg(2{7]|2,/* %z, "') = 25 + 2j + 21 — 2, deg(dy414,)) =25 + 2 + 2
and ¢, ; is harmonic. This implies that

du(z)

f z{z-{lzzlzslzﬂu¢s+1+j,;(z)
s*  1— (tanh )|z,
= | 25|z, e z { L — ]d 2).
[g, 122023 (21 b5 144(2) I — (tanh ‘)2|2||2 l"'lzllz w(2)
This yields (a) after the appropriate algebraic manipulation.
Now suppose that 0 < j < k.

T2k (@)brr 1o Prv1))
—-@+)) Z{z-ﬂzzlu_zﬁz Be+1,(2)
= (cosh ¢) . f 52
s* 1 - (tanh )’z
= (cosh 1) ®*(cosh ) TH YD pyk-s+1
f z{z_{|z||2k~2ﬁ2¢k+l,j(l)
s* 1 (tanh 1)’z, ]’
by repeated application of (a). Thus
<7 _ 24 (a) b 4 1,5 bs 17|

du(z)

du(z)

—j1. 2k—2j42
|z T 4 y1(2)

du(z
s* 1 — (tanh 2)%z,? a
2k—2j+2

—(4+2k—-)) z,['z5} |z
< (eosh () g [ Ll
s* 1 - (tanh £)%z,|

1
Pr+1, du(z
" k+l./"°° §3 1 — (tanh t)2|z,|2 "’( )

5+ 10l -

~(4+2k-))

= (cosh ¢)

du(z)

—(4+2k-j)

< (cosh t)

< 6|t|(cosh £)"UrH=n
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The result for —k + 1 < j < 0 follows from the observation

<7 26 (@) bk 4 1,—jp Drs1,— 2| = |<T - 24(@) Pt 15 Prs 1| QE.D.

PRrOOF OF THEOREM 8.2. If G = SU(2, 1) then ¢*(8% = ¢#, On the other
hand, Lemma 8.7 implies

K7 -2k (@) bk 4 1o B 41,0 < €7
for ¢ sufficiently large, k > 0, and 0 < [j| < k + 1. Thus

0 & 2
fo KT 2 (@)1, Pes 1] At < 0

forall k > 0 and 0 < |j| < k + 1. The result now follows from the observa-
tion preceding Theorem 8.1.

In order to handle Sp(2, 1) we will need the weight space characterization
of spherical harmonics given in §2. We consider the representation 7_,,
induces on X =%/ M, and the representation 7, induces on X2/T. Let T, be a
compact Cartan subgroup of Sp(2, 1) in Sp(2) X Sp(l). Let ©_,, and O,
denote the restrictions of the respective characters of these representations to
T,

If Py denotes the set of positive compact roots and

= H (ea/2_ e—a/2)

IXEPO
we have that formally
1
O_y= o 2 2 2 (detsyexps[(p + DA + (g + DAy +Ay)]
p

>I1+2 ¢g>0 sew

where W is the Weyl group of Sp(2) X Sp(1). Thus, if we let P, be the
positive noncompact roots and set D, = Il (¢*/2 — e~*/?) we have that

O_y= DibL D 2 (det s)exp s[(/ + 2)A; + A, + Ay]
and also
1
0, = dets)exp s[A, + A, + A\, .
2 D,D, SEEW( )exp [ 1 2 3]

Again from Harish-Chandra [4] and Schmid [20] we have that ®_,, and ©,
agree on T, with discrete series representations. We must add that since we
have not verified that the characters of our unitary representations for
Sp(2, 1) are tempered we cannot conclude that our representations are
discrete series representations.

We close with a brief remark on integrable representations which we
believe is well known but we give a proof for completeness sake.
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PROPOSITION 8.2. Let G be a semisimple Lie group with finite center and let
G = KA*K as above. Let m: G — £(3C, ) be an irreducible unitary repre-
sentation of G. Then, if V is an irreducible representation of K which occurs in
9C, we have that = is integrable if and only if for all ¢ and  in V

f,,ﬁ (@)<m(a)g, Y| da < co.

PrOOF. Clearly, if [,+8(a)|{w(a)p, )| da < oo for all ¢ and ¢ in V, = is
integrable by Harish-Chandra [3].
Suppose that # is integrable. Then

fG K (x)@, 9| dx = fK fK L 8(@)K(a)7(k\), m(k)¥| da dk, dk, < co.
Let F(k,, ky)(a) = {m(a)m(k,)p, w(k)¥). Then

*) L 8(a)|F(ky, ky)(a)| da < oo

for almost all (k,, k,) in K X K. Then, if S is the subset of K X K for which
(*) holds, the linear span of {F(k,, k,)|(k,, k;) € S} is the same as the linear
span of { F(k,, k,)|(k,, k) € K X K}. Thus our result holds.

COROLLARY 1. The representations (my, Hy), (m,, H,) are not integrable. The
representations (7 _4, H_,,) for k > 1 are integrable.

ProoF. Lemma 8.7(1) implies that if » =0 or 1,

-]
j; e4'l<7’-2k(at)¢k+l,k+l’ Grr1x+10| dt = co.
If k > 2 then Lemma 8.7 implies that

K7 2t (@)9es 1> Bes 19| < Ce™™
for ¢ large and 0 < |j| < k + 1. We are left to analyze k = 2. If k = 2 then
K7 _i(a)93 53 ¢3,23)| < Ce™>" and

[<m_4(a)s)o 3,0 < Coltle™®"UWgy |, for |f| large. QE.D.

Note. If G = SU(2, 1) and T is a maximal torus of X, then it is easily seen
that the representations of (7_,,, H_,;) for k > 0 are not T-finite. Hence
they do not belong to the holomorphic discrete series. (See Enright, Thesis,
University of Washington at Seattle.)
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